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Abstract

The nonlinear dynamic behaviour of preloaded traditional multilayer plates incorporating visco-hyperelastic materials is

investigated. The visco-hyperelastic material was confined between stiff layers and worked as a damping layer. The full

structure is submitted to shear vibrations under a compression preload. We present herein a nonlinear model describing the

tangent dynamic shear modulus as function of both preload and frequency. A Navier approach is used to calculate the

stress and the deformation fields which are written by a transfer matrix formulation. The dynamic shear modulus for

elastomers is expressed by a nonlinear visco-hyperelastic model based on a deformation energy density. The effects of the

elastomer’s nonlinear behaviour, the frequency and the preload on the structure’s overall dynamic shear modulus is the

main object of this study. Verification of the model is performed on visco-hyperelastic multilayer through a series of

dynamic shear tests under various compression preload levels. A comparison with both finite element calculations and

discreet models is discussed.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The ever increasing use of composite materials, in particular laminate structures, in all types of engineering
systems has given a strong impetus to the development of composite material systems as well as to the analysis
and design of structural components over the last two decades. The subject of composite materials is truly an
interdisciplinary area where chemists, materials scientists, mechanical engineers and structural engineers
contribute to the overall product. Research published on composite materials falls into three categories:
materials science [1], mechanics [2] and design [3].

The present study belongs to the second category which concerns visco-hyperelastic multilayers. In order to
dampen vibration and thus avoid serious damage, viscoelastic materials, which have substantial energy
absorption abilities, can be incorporated into the structural system. The use of multilayer absorbers has
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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become increasingly important in vibration, especially in damping vibration and noise of brake systems. To
ensure the vibration and acoustic absorption of the multilayer absorber, selecting appropriate shock-
absorbent materials and choosing an optimal geometric design for the structures have become major concerns.

Different methods have been developed for modelling the behaviour of viscoelastic multilayer structures.
Each is valid for specific materials and particular loads. For example, consider the plate with visco-hyperelastic
layers sandwiched between several stiff layers which was first introduced by Swallow [4] as early as 1939. Since
then a number of investigations on the design formulations for thin multilayer sandwich plates have been
carried out by various researchers. Kerwin [5] suggested a complete and simplified formula for estimating loss
factors as a function of the wavelength refraction, the thickness of the constraining layer and the plate’s elastic
modulus. On the basis of the foregoing research, Ungar and Kerwin [6] were able to correlate the loss factors to
energy concepts. Di Taranto [7] derived a sixth-order complex homogeneous differential equation for a free
vibrating finite-length sandwich beam. Di Taranto and Blasingame [8] continued Kerwin’s work and published
a damping-frequency dependence function for selected laminated beams. Mead and Markus [9] pursued the
previous studies and developed a sixth-order differential equation formulated in terms of transverse
displacement for the forced vibration of sandwich beams under specific ‘‘damped normal loadings’’.

A simple numerical method using a one-dimensional approximation is presented by Fujii [10] for analysing
the dynamic response of adhesively bonded sandwich beams in which the visco-elastic characteristics of the
adhesive damping layer are represented by a generalized Maxwell model. Likewise, Njilie et al. [11] developed
a finite element model for sandwich plates by considering them as a superposition of linear elastic plates. In
their work, damping is predicted through the evaluation of the loss factor introduced by Ungar and Kerwin [6]
which is a function of material and geometric properties of the structure.

Yuh-Chun and Shyh-Chin [12] presented a mathematical model for the vibrations of three-layer structures
with viscoelastic cores for which the dependent model is adopted for the dynamic modulus. As presented in the
results of experimental testing for the visco-hyperelastic multilayers [13,14], nonlinear behaviour was observed
in the stress–strain relationships, particularly during higher frequency loading tests. Therefore, it is not
suitable to use traditional models to describe this nonlinear behaviour. To overcome this limitation, certain
analytical nonlinear models are required. Hence, an analytical nonlinear model, which can accurately describe
the mechanical behaviour of multilayer sandwich beams with viscoelastic layers, was developed by Lee and
Tsai [15]. Hence, a finite element formulation combined with a new material model has been developed by Lee
[16] for multilayer beams incorporating viscoelastic material having nonlinear behaviour. In the work of this
latter, a nonlinear dynamic analysis as a function of time was carried out for a multilayered structure subjected
to dynamic loads. As part of the effort to carry out comprehensive dynamical analysis of visco-hyperelastic
composite structures, we herein develop an analytical nonlinear model to evaluate both frequency and preload
dependent behaviour for thin visco-hyperelastic multilayer plates. These plates contain damping devices,
submitted to shear vibration under compression preload. The developed model is based on a linearization
procedure involving a finite static deformation which is a compression preload. The case of dynamic shear
under shear preload is presented in the work of Saad et al. [17,18], in which the virtual work principle is used
to calculate the tangent shear modulus. In our approach, we first use classical linear elasticity to derive the
model frequency dependence and next visco-hyperelasticity to introduce the nonlinearity effect of elastomer
layers. It is the purpose of this study to analyse the effect of nonlinear material on the global multilayer
dynamic behaviour [19]. Verification of the model is performed on multilayer through a series of dynamic
shear tests under various compression preload levels. A comparison with both finite element calculations and
discreet models is presented.

2. Theory

2.1. Analytical solution for compression preloaded multilayer submitted to shear

Consider a multilayer composed of five layers composed of elastomer and steel disposed as shown in Fig. 1.
We suppose that the top face of structure (at z ¼ h) is submitted to a vertical compression preload

F0 ðF0 ¼ F 0ZÞ, while simultaneously subjected to a transverse harmonic shear in the second direction (Y). The
bottom face is adjusted into the surrounding base.
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Fig. 1. Elastomer/steel multilayer submitted to compression preload and dynamic shear. dk denotes the thickness of the kth layer and h is

the overall thickness (h ¼ 0:94mm; d1 ¼ d3 ¼ 0:12mm; d5 ¼ 0:14mm; d2 ¼ d4 ¼ 0:28mm).
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The behaviour is considered in the case of classical linear elasticity. We define a field displacement as follows:

Uðz; tÞ ¼ f ðzÞ sinðotÞYþ gðzÞZ (1)

where f ðzÞ and gðzÞ are unknown functions ðgðzÞ characterizes the preload). o is the applied circular frequency. t

denotes the time. z is the global third coordinate.
Accordingly, we derive the deformation and the stress tensors in the following forms:

r ¼

s11
SYM

0 s22 ¼ s11

0 t s33

2
6666664

3
7777775
; e ¼

0

SYM

0 0

0 �32 �33

2
6666664

3
7777775

(2)

where indices 1, 2 and 3 correspond, respectively, to X, Y and Z direction of the reference coordinate system
(Fig. 1).

By applying the equilibrium equation, we obtain the following solutions for the unknown functions f and g

in each kth layer:

f kðzÞ ¼ Ak e
iqkz þ Bk e

�iqkz

gkðzÞ ¼ CkzþDk

8>>><
>>>:

(3)

where

q2
k ¼

rkw2

mk

rk and mk are, respectively, the material density and the shear modulus for the kth layer, o is the angular
frequency. Ak, Bk, Ck and Dk are constants which are determined using the limit conditions. i2 ¼ �1.

We derive the following expressions of the stress and the displacement fields in each kth layer:

sðkÞ11 ¼ sðkÞ22 ¼ lkCk

sðkÞ33 ¼ ð2mk þ lkÞCk

tðkÞðz; tÞ ¼ imkqk sinðwtÞðAk e
iqkz � Bk e

�iqkzÞ

8>><
>>: (4)

U ðkÞy ðz; tÞ ¼ sinðwtÞðAk e
iqkz þ Bk e

�iqkzÞ

U ðkÞz ðzÞ ¼ CkzþDk

(
(5)

where lk is the kth layer’s ‘‘Lame’’ coefficient.
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2.2. Transfer matrix formulation

Eqs. (4) and (5) for the transverse fields of stress and displacement can be written using a matrix transfer
relation as follows

LðkÞðdkÞ ¼ akL
ðk�1Þðdk�1Þ (6)

where

LðkÞðdkÞ ¼
U ðkÞy ðdkÞ

tðkÞðdkÞ

 !
; ak ¼

cosðqkdkÞ
sinðqkdkÞ

mkqk

�mkqk sinðqkdkÞ cosðqkdkÞ

2
64

3
75 (7)

Using Eq. (6), the displacement and the stress fields in the top layer (number n) and in the bottom layer
(number 1) are related as

LðnÞðdnÞ ¼ aLð1Þð0Þ (8)

where

LðnÞðdnÞ ¼
U ðnÞy ðdnÞ

tðnÞðdnÞ

 !
; Lð1Þð0Þ ¼

U ð1Þy ð0Þ ¼ 0

tð1Þð0Þ

 !
(9)

and

a ¼ an; . . . ;a1 (10)

For the displacement and the stress fields of compression, we can obtain a similar relation.
Using Eq. (8), the global shear modulus of the structure can be obtained as follows:

m ¼ h
a22

a12
(11)

h is the structure thickness.
2.3. Influence of nonlinear visco-hyperelastic behaviour of elastomer layers

In this section, we are interested in studying the influence of the nonlinear visco-hyperelastic effect of
elastomer layers on the dynamic behaviour of the structure. We decompose the loads into a separate a
compression preload F0 superimposed on a shear UðtÞ characterized by the shear angle bðtÞ (Fig. 2).

Let us consider (X, Y, Z) the coordinates of a point M in a nonloaded configuration. (x1, y1, z1) the new
coordinates after compression. (x, y, z) the final coordinates after shear.
z = z1

Z

Z

Z

z1

Y
Y

y
Y

y1y1

β(t)
F0

X . X .

Fig. 2. Superposition of loads: (a) static compression preload and (b) dynamic shear.
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By assuming incompressible transformation, we have

x1 ¼
1ffiffiffi
w
p X

y1 ¼
1ffiffiffi
w
p Y

z1 ¼ wZ

8>>>>><
>>>>>:

and

x ¼ x1

y ¼ y1 þ gz1

z ¼ z1

8><
>: )

x ¼
1ffiffiffi
w
p X

y ¼
1ffiffiffi
w
p Y þ gwZ

z ¼ wZ

8>>>>><
>>>>>:

(12)

where w and g are, respectively, the compression elongation and the shear angle tangent which are assumed to
be constant in the specimen. Relation (12) presents a coupling between preload and shear deformations.

The corresponding left-hand Cauchy Green dilatation tensor B is written as follows:

B ¼

1
w SYM

0 1
wþ ðwgÞ

2

0 w2g w2

2
6666664

3
7777775

(13)

Using the first and the second thermodynamic principles, the Cauchy stress tensor r is derived from the energy
density W as follows [20]:

r ¼ 2
qW

qI1
þ I1

qW

qI2

� �
B� 2

qW

qI2
B2 þ pd (14)

where d is the unity tensor and p is the hydraustatic pressure. I1 and I2 are the first and the second invariants
of the left-hand Cauchy Green dilatation tensor B.

The relaxation tangent tensor R is expressed as [21]:

Rijkl ¼
qðJsijÞ

qF kp

Flp (15)

where F is the gradient transformation tensor. J ¼ detðFÞ. Rijkl is the ðijklÞ component of R. Using Eq. (15), we
deduce the tangent shear modulus, which is the component R2323 of R, in the case of harmonic shear under
compression preload:

R2323 ¼
qðJs23Þ
qF 23

F33 (16)

By writing B as function of F and using Eqs. (14) and (16), we deduce the tangent shear modulus R2323

as follows:

R2333 ¼ Q1

qW

qI1
þQ2

qW

qI2
þQ11

q2W

qI21
þQ22

q2W

qI22
þQ12

q2W

qI1qI2
(17)

where

Q1 ¼ 2F2
33

Q2 ¼ 2F2
33½F

2
11 þ F 2

22 þ F 2
33 þ 3F 2

23 � 2F 23F33�

Q11 ¼ 4F 2
33F2

23

Q22 ¼ 4F 2
11F2

33F 3
23½F

2
11 þ F2

22 þ F2
33 þ F2

23 � F23F 33�

Q12 ¼ 4F 2
33F2

23½2F 2
11 þ F 2

22 þ F 2
33 þ F 2

23 � F23F33�

8>>>>>><
>>>>>>:

(18)
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The Qi and Qij can be written as functions of both elongation of compression preload and the shear angle tangent:

Q1 ¼ 2w2

Q2 ¼ 2w½2þ w3ð1þ 3g2 � 2gÞ�

Q11 ¼ 4g2w4

Q22 ¼ 4g2w2½2þ w3 þ g2w3ð1� w2Þ�

Q12 ¼ 4g2w3½3þ w3ð1þ g2 � gÞ�

8>>>>>><
>>>>>>:

(19)

2.4. Gent– Thomas energy function

The Gent–Thomas energy function can characterize correctly the hyperelastic behaviour of elastomers and
has a simple expression which is written as [22]

W ¼ Ag1ðtÞðI1 � 3Þ þ Bg2ðtÞ ln
I2

3

� �
(20)

where A and B are two material constants. g1ðtÞ and g2ðtÞ are two functions of time characterizing visco-elasticity.
In this case, using Eq. (17), the tangent shear modulus can be written as

R2323 ¼ AQ1g1ðtÞ þ B
Q2

I2
�

Q22

I22

� �
g2ðtÞ (21)

The dynamic shear modulus under compression preload is function of three variables: the compression
elongation w, the shear g and the time t. Hence, the tangent shear modulus is given by

R2323ðw; tÞ ¼ lim
g!0
½R2323ðw; g; tÞ� (22)

From Eqs. (21) and (22), we deduce the tangent shear modulus:

R2323ðw; tÞ ¼ 2Aw2g1ðtÞ þ 2B
w3ð2þ w3Þ
1þ 2w3

g2ðtÞ (23)

According to Eq. (23), the tangent dynamic shear modulus is written in the frequency domain as

R̃2323ðw;oÞ ¼ 2Aw2g̃1ðoÞ þ 2B
w3ð2þ w3Þ
1þ 2w3

g̃2ðoÞ (24)

where o is the angular frequency. R̃2323 is the Fourier function of the tangent shear modulus R2323. g̃1ðoÞ and
g̃2ðoÞ are the Fourier functions, respectively, of g1ðtÞ and g2ðtÞ.

In order to have an asymptotic behaviour of the functions giðtÞ, these latter are chosen as follows

g1ðtÞ ¼ a1 þ b1 e
�t=t1

g2ðtÞ ¼ a2 þ b2 e
�t=t2

(
(25)

a1, b1, a2, b2 are material constants. t1 and t2 are relaxation times.
Hence, Eq. (24) becomes

R̃2323ðw;oÞ ¼ 2Aw2
a1

io
þ

b1

ioþ
1

t1

0
BB@

1
CCAþ 2B

w3ð2þ w3Þ
1þ 2w3

a2

io
þ

b2

ioþ
1

t2

0
BB@

1
CCA (26)

The relaxation times, t1 and t2, and the material constants a1, a2, b1 and b2 are not dependent upon the preload w.
Hence, it is easier to compute these material constants by identifying experimental results of the dynamic
modulus unless preload ðw ¼ 1Þ with Eq. (26) [23].
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Relation (26), which characterizes the tangent shear modulus of visco-hyperelastic layers, will be used in
calculating the global shear modulus of the multilayer structure which is given by expression (11).

3. Experiment

In this section we present an experimental identification of the multilayer dynamic behaviour in shear.
Dynamic shear tests under preload were conducted in an MTS materials testing machine. A specimen
presented in Fig. 3, which is called ‘‘Shim’’ and made of a multilayer elastomer-steel, is used. Elastomer layers
are made of a synthetic vulcanized rubber. This composite structure is used in brake system for vibro-acoustic
isolation. It is stuck on the back of the brake pad. Fig. 4 describes the dynamic test apparatus which is
equipped with an electronic measuring system. In the assembly apparatus, presented in Figs. 5–7 we have used
an assembly of 12 specimens which is taken into account in calculating the multilayer shear modulus. This is in
order to increase the system flexibility at higher frequency. We apply an harmonic shear displacement.

Fig. 8 presents the shear modulus, under various preloads, obtained from dynamic tests and those using the
developed model (Eq. (26)). These curves show a hardening phenomenon with preload and frequency.
Experimental results are obtained for [0, 200Hz] frequency range. The preload compression elongation varies
from 1 to 0.6.

4. Numerical results

Fig. 8 presents the fitting of the analytical model (26) with the experimental tests of the dynamic modulus
according to the frequency at various preloads. The fitting procedure is developed at different preload and it is
based on the least square method. We have almost the same values of material constants at each preload. We
note a good correlation between the experimental results and the theoretical model (readjusted) with an error
lower than 4 percent.
0.
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Fig. 3. Structure of a multilayer called ‘‘Shim’’.

Fig. 4. Experimental apparatus for dynamic test on MTS machine (ISMEP, Paris).
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Fig. 5. Assembly apparatus.

Fig. 6. Attachment unit of the multilayer plates. The multilayer thickness does not respect the real dimension and is dilated.

Displacement
transmitter

Accelerometers

Normal preload
sensor

Shear force
sensor

Input signal
(Displacement sensor - LVDT)

Clamping plates

Fixed part

Fig. 7. Assembly apparatus—assembly of the transmitters.
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Fig. 8. Dynamic shear modulus fitting: theory and experiences, A ¼ 299:47MPa; B ¼ 42:8283MPa; a1 ¼ 51:44; a2 ¼ 11:56;
b1 ¼ �37:5996; b2 ¼ �2:4658; t1 ¼ 0:0005 s; t2 ¼ 0:0360 s.

Table 1

Visco-elastic parameters of the third-order Maxwell model used in Abaqus (Prony series model: G ¼ G1ð1þ
P3

i¼1 gi e
�t=ti Þ; G is the shear

modulus; G1 is shear modulus at infinite time; ti (i ¼ 1, 2, 3) are relaxation times; gi (i ¼ 1, 2, 3) are dimensionless shear modulus.

G1 (MPa) g1 g2 g3 t1 (s�1) t2 (s�1) t3 (s�1)

7.7154 0.1333 0.2972 0.3751 0.1260 0.0042 0.0011

Fig. 9. Mesh of the structure—quadratic element, nine nodes.
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4.1. Comparison with finite elements calculations

With an aim of testing the reliability of our model, we simulated the harmonic problem of shearing under
preload in the Abaqus code. We chose among the hyperelastic models integrated in Abaqus, that which as well
as possible readjusts the experimental behaviour of material in simple traction. We found that the second-
order polynomial model described best the behaviour of materials.

The viscoelastic model chosen, in Abaqus, corresponds to the generalized Maxwell model, whose
parameters are readjusted by means of creep tests (Table 1).

A plane quadratic element with nine nodes was selected (Fig. 9). A hybrid integration approach was chosen.
We notice according to Fig. 10, a remarkable difference between the experimental results and the results

given by Abaqus. This can be explained by the complexity of the model used in Abaqus ðhyper�elasticityþ
viscoelasticityþ incompressibilityÞ which generates difficult convergence. Moreover, we mention the difficulty
of calculation of the hydraustatic pressure in incompressible shear problem using finite elements method.

It is important to underline that if we change parameter material to improve convergence, we will be in an
other case of material and we will not have the same material in which we are interested in this work. Indeed,
material parameters are identified separately with sufficient precision by tension test for hyperelastic constants
and creep tests for viscoelastic ones. In other words, discrepancy between the results of our analytical model
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and those of ABAQUS is caused by convergence problems and not caused by the parameters used in the
ABAQUS model. Convergence problems in Abaqus, are due especially to the nonlinear and complex
mathematical approach used for computing visco-hyperelastic structure.

Thus, with lower cost, our model allows us better to apprehend the identification of the dynamic tangent
modulus of the multilayer (Eq. (8)).

4.2. Mass phenomena

The developed model presents a resonance and an antiresonance phenomena at higher frequencies [10,000,
30,000Hz] (Fig. 11). These phenomena are due to the mass effect which is generated by metallic layers.
A comparison of our model with model corresponding of springs in series is presented in Fig. 12. This latter
shows that the simple model of springs in series does not represent these mass phenomena compared to our
model. We mention that the advantage of our developed model compared to the model of mass-spring in series
which is presented in Fig. 12, is the continuum mechanics aspect. In hence, in Figs. 13 and 14, the displacement
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Fig. 13. Displacement solution through the multilayer thickness.

H. Gacem et al. / Journal of Sound and Vibration 322 (2009) 941–953 951
and shear fields are represented through the multilayer thickness. We observe a rigid displacement of the steel
layers. In specific case, when the multilayer is composed of two kinds of layers (for example steel with large
mass and stiffness and polymer with small mass and stiffness) the proposed model can be approached with
discreet mass-spring model (Fig. 12). But, with the proposed model we can study multilayer which is
composed of different kinds of materials.

In addition, Fig. 11 presents a structure shear model in the mass effect range and a material shear model
elsewhere. This is well observed in Fig. 15 which presents the wavelength of the shear modulus. At lower
frequency, the wavelength is grater than the multilayer thickness. In this case, the structure is equivalent to an
homogeneous material. In the higher frequency domain ðf410; 000HzÞ, the wavelength is of a similar value as
the multilayer thickness. So in this range of frequency, the structure cannot be considered as homogeneous.



ARTICLE IN PRESS

−20 −15 −10 −5 0 5 10 15 20
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Shear stress (MPa)

H
ig

ht
 th

ro
ug

h 
th

e 
m

ul
til

ay
er

 th
ik

ne
ss

 (m
m

)

ω = 11250 Hz

Fig. 14. Shear stress solution through the multilayer thickness.

0 0.5 1 1.5 2 2.5 3 3.5

x 104

10−4

10−3

10−2

10−1

100

101

102

Frequency (Hz)

W
av

e 
le

ng
th

 (m
)

χ=1
χ=0.9
χ=0.8
χ=0.7
χ=0.6

Fig. 15. Wavelength of the shear modulus.

H. Gacem et al. / Journal of Sound and Vibration 322 (2009) 941–953952
5. Conclusion

In this work, a nonlinear dynamic behaviour of preloaded traditional multilayer plates incorporating visco-
hyperelastic materials is investigated. A nonlinear model is proposed to simulate the nonlinear dynamic
response. As was shown in the analysis, the analytical method developed herein could provide a nonlinear
view of the frequency analysis by taking into account the compression preload and the nonlinear visco-
hyperelasticity effects. Verification of the model is performed through a series of dynamic shear tests under
various compression preload levels. Numerical results of the developed model show a hardening of the
multilayer when increasing the preload level or the frequency. Nonsignificant distinction between theory and
experience was observed. However, with lower cost, our model allows us better to apprehend the identification
of the dynamic modulus of the multilayer compared to finite element calculations.
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At higher frequencies (acoustic domain), we observed mass phenomena whose are due to the metallic layers
and cannot be represented by a simple model of springs in series. With the proposed model we can study
multilayer which is composed of different kinds of materials. While, the mass-spring model is reliable for
multilayer composed of both rigid and flexible materials.

It was well illustrated that developed model herein characterizes an homogeneous material at lower
frequencies. In the mass effect range (Higher frequencies), our model characterizes a structure modulus
(heterogeneous material).

The prospect of developing this approach within a three-dimensional model will be of great utility for
dimensioning complex structures. Thus, it will be of great interest to take into account the interface rubbing.
Presently, we are generalizing the presented approach for the case of finite harmonic deformation around
preload. This is the case of para-seismic visco-hyperelastic structures.
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viscoelastic response of rubber under preload), Mécanique & Industries 4 (2003) 133–142 (in French).

[18] P. Saad, Modélisation et identification du comportement nonlinéaire des cales en caoutchouc (Nonlinear Behavior of Rubber Bush,
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hyperelastic Behaviour of Elastomers, Nonlinear Viscoelasticity, Application on Multilayers), PhD Thesis, Pierre et Maris Curie

University, Paris 6, December 2007 (in French).

[20] G.A. Holzapfel, Nonlinear Solid Mechanics, Wiley, New York, 2000.

[21] T. Beda, Y. Chevalier, Sur le comportement statique et dynamique des élastomères en grandes déformations (on the static and
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